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Abstract 

We construct the microstates of near-extremal black holes in AdSs x as gases of 
defects distributed in heavy BPS operators in the dual SU{N) Yang-Mills theory. 
These defects describe open strings on spherical D3-branes in the S^, and we show that 
they dominate the entropy by directly enumerating them and comparing the results 
with a partition sum calculation. We display new decoupling limits in which the field 
theory of the lightest open strings on the D-branes becomes dual to a near-horizon 
region of the black hole geometry. In the single-charge black hole we find evidence for 
an infrared duality between SU{N) Yang-Mills theories that exchanges the rank of the 
gauge group with an R-charge. In the two-charge case (where pairs of branes intersect 
on a line), the decoupled geometry includes an AdSs factor with a two-dimensional 
CFT dual. The degeneracy in this CFT accounts for the black hole entropy. In the 
three-charge case (where triples of branes intersect at a point), the decoupled geometry 
contains an AdS2 factor. Below a certain critical mass, the two-charge system displays 
solutions with naked timelike singularities even though they do not violate a BPS 
bound. We suggest a string theoretic resolution of these singularities. 
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1 Introduction 



There is a family of asymptotically AdSs x black holes charged under three U{1) fields p]. 
The source for the geometry is a condensate of spherical D-branes (giant gravitons) localized 
on the and carrying angular momentum in three orthogonal planes [2j. The BPS black 
holes in this class (superstars) have a vanishing horizon, but as energy is added at fixed charge 
they eventually develop a finite horizon. While the horizon size is a continuous function of 
the energy above extremality for the singly charged black hole, it is a discontinuous function 
of energy for the multiply charged black holes. 

It has been shown in the dual SU (N) Yang-Mills theory that the D-brane configurations 
giving rise to the entropy of the extremal single-charge black hole all lie very close to a certain 
typical state ^(4j. Here we treat the near-extremal black hole as a gas of defects distributed 
on the BPS operator describing a typical state O [6l [7]. The defects describe open strings 
on the giant gravitons in AdSs x 5*^ [8], [9l [lOl [HI [12], and we show that they dominate 
the entropy at weak coupling, by directly enumerating them and comparing the results with 
a partition sum calculation|l| The degeneracy associated with the defects turns out to be 
independent of the string coupling and scales with in the same way as the black hole 
entropy when the horizon size is comparable to the AdS scale and hence thermodynamically 
stable. However, there is a mismatch with the Bekenstein-Hawking entropy by factor of 
0(1) (in terms of scaling in A^) which depends on the distance from extremality. 

We then display various decoupling limits where we send — ^ while keeping the 
masses of the open strings stretched between giant gravitons fixed. In geometric terms the 
decoupling limits focus into the near-horizon region and onto some angles of the factor 
of the spacetimes. In the one-charge case this results in a metric which looks like the near- 
horizon metric of a stack of giant gravitons that wrap an and that are smeared along a 
transversal two-cycle. Exactly the same metric can also be obtained as the decoupling limit 
of a different geometry where the roles of the number of D3-branes and the number of giant 
gravitons are interchanged. This provides evidence for the existence of the infrared duality 
proposed in [IJj under which the rank of the gauge group and the number of giant gravitons 
are interchanged. 

A similar decoupling limit focuses on fixed angles in the factor of the non-extremal 
two-charge AdSs black hole. This results in a geometry with an asymptotic AdSa factor. 
Using the asymptotic conformal symmetry of this factor, we measure a central charge from 
the geometry. Assuming that this is the central charge of a two-dimensional CFT dual, 
we find an expression for the statistical degeneracy of the CFT that exactly matches the 
spacetime entropy of the decoupled geometry. The entropy of the complete two-charge AdSs 
black hole can be recovered as an integral over the entropies of the decoupled geometries. 
This suggests that the complete near-horizon geometry is dual to a product of the two- 
dimensional CFTs arising from our decoupling limit. (The appearance of a two-dimensional 
CFT recalls the arguments of [15j] who used a CFT associated to the intersection of giant 

similar philosophy has been applied in the context of large supersymmetric AdSs x black holes in 
|13j . where quantization of the classical moduli space of probe giants (and generalizations thereof) in the 
black hole near horizon geometry accounts for their gravitational entropy. 
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gravitons to study the two-charge black hole entropy.) Our formulation also explains a puzzle 
about the two-charge AdSs black holes — a horizon only develops above a certain critical 
energy above extremality. In the decoupling limit, the solutions below the critical energy 
give rise to conical defects in the AdSs while above the critical energy BTZ black hole factors 
appear. As we will discuss, we expect that these conical defect metrics are resolved in string 
theory. 

In the three-charge case, the decoupling limit results in a metric which contains an AdS2 
factor. This is in accordance with the fact that the three giant gravitons wrapping three 
independent S^s in generically intersect in a point, and the degrees of freedom living at 
the intersection are (0 + l)-dimensional. Similarly, in the two-charge case, one expects a 
(1 -|- l)-dimensional theory living at the intersection of two giant gravitons, and this nicely 
matches the appearance of a warped AdSa metric in the decoupling limit. 

Finally, we will discuss remaining open problems and possible interpretations of the 
results, and in the appendices collect some technical results and display a novel solution of 
type IIB supergravity which is tantalizingly close but not exactly identical to the metrics 
obtained in the decoupling limit of the two-charge solution, and which contains a warped 
AdSa factor. 



2 Entropy of near- extremal AdSs black holes 

Type IIB string theory in AdSs x has a spectrum of charged black holes with a metric [21 [1]: 

-ni-n2-n3 / 
3 



+ ^''[Ld<P^ + {H;' - l)dt\') , (2.1) 



where 

3 
i=l 

and 

Hi = cos 6*1 , /i2 = sin6'i cos 6*2 , /is = sin 6*1 sin 6*2 . (2.3) 

Here, L = (AngsNY^'^is is the AdS radius and ggN appears as the 't Hooft coupling A in the 
dual SU{N) supersymmetric Yang-Mills gauge theory. 

There is also a self-dual five-form field strength F^^^ = dB^^^ + -kdB^^^ with 

4 3 
= -—-fdt Ad^n-LY^ qifiKLd(j)i - dt) A d^Q . (2.4) 

1=1 
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This metric (12.11) is obtained by uplifting charged black hole solutions to five-dimensional 
gauged supergravity of the form 

dsl = -{H,H^H,)-'l'fde + {H,H,H,fl^f-Hr' + r'dnl), 

X, = H-\H^H^H^YI\ A' = ^^dt, (z = l,---,4), (2.5) 

r + qi 

where / and Hi are defined as above, and Xi and are the scalars and gauge fields 
of five-dimensional gauged supergravity. The five-dimensional Newton constant is = 
Gio/yo\{S^) = Gio/vr^L^ ~ L'^/N^, where we have used do = Sn^g^Jl- The charge and 
mass of the black hole are 

Qi = \/qMi + IJ) , (2.6) 

The parameters and /i have dimensions of length squared, so it convenient to define 
dimensionless quantities 

qi = L'^qi, ^i = L'^fi; Qi = ^ (2-8) 

where Ni is the integral number of D-branes (giant gravitons) associated to each charge 
species [2]. The analysis of the microstates of the single R-charge extremal black holes 
has been carried out in the regime q = 0(1) [3]. Most of the microstates cluster around 
a typical configuration of D-branes (giant gravitons). Since one of our goals is to give a 
physical picture of the entropy of near-extremal black holes in terms of open strings on these 
D-branes, we will usually take to be 0(1) — i.e., these parameters will not scale with 
A^. Finally, assuming the existence of a non- vanishing horizon r/j, the entropy of these black 
holes scales like: 




where A is the area of the outer horizon and rh is the largest positive solution of /(r) = 0. 



Single-charge black hole: The singly charged black hole is obtained by setting H2 = 
= 1 in (12. 5p . For general values of fi, the singularity at the origin is spacelike and 
becomes null in the extremal limit (yU = 0), where it preserves sixteen supercharges and is 
one of the half-BPS solutions described in [TB]; following their conventions the Planck length 
is related to h in the dual gauge theory as ij, ^ h. The extremal black hole can be regarded 
as the backreacted geometry of a configuration of A^' = qN/LP' giant gravitons (D3-branes 
wrapping an in the 5*^), or alternatively as a configuration of dual giant gravitons 
(D3-branes wrapping an in the AdS5) [2]. The vast majority of bound states of giant 
gravitons having identical global charges source geometries that differ from each other at 
Planck distances. Such fine distinctions among the geometries are lost in the coarse-graining 
that is implied by the semi classical limit, which here corresponds to taking N ^ 00 while 
keeping hN c:=l L'^ fixed [3l [161 S] ■ Because the Ramond-Ramond potential for this solution 
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to type IIB supergravity is independent of the non-extremality parameter n [21 [I], we can 
regard the non-extremal black holes as supersymmetry breaking deformations of the extremal 
half-BPS solutions. In particular, departure from extremality does not alter the number of 
D-branes whose backreaction sources the black hole spacetime. In the dual field theory, the 
black hole is described by a state of conformal dimension and R-charge 

where the last expressions are valid in the near-extremal limit 

e:=/i/g<l. (2.12) 

The extremal A = J solutions are BPS. Starting with a given BPS solution, variation of 
H gives a one-parameter family of non-BPS black holes, in which the number of D-branes 
stays fixed at least near extremality. Along this family of solutions, in the near-extremal 
limit (e ^ 1), each additional unit of R-charge costs three units of conformal dimension: 

6A = ^N^f^, 6J=^N^fi. (2.13) 

The outer radius of the black hole Vh is given by the maximum real r such that the function 
/(r) in the metric (12.51) vanishes: 



4 rl = -2(L^ + g) + 2(L^ + g) ^1 + ^ ^ ^ , (2.14) 

where the simplification applies in the near-extremal limit. When /i = 0, the radius of the 
horizon vanishes. The gravitational entropy is given by 

s,„^rMp}!!l„M'^^. (2.15) 

<-^5 i + q 

Two-charge black holes: The two-charge black is obtained by setting one of the har- 
monic functions, say Hi, to unity in (12.51) . The horizon occurs at 



2 + q2 + q3 ( , , / , , - 92 ■ gs 



There is a critical value of the non-extremality parameter 

q2 qs fr, 1 ^\ 

below which the horizon ceases to exists. For /i > /Xcrit the singularity is spacelike, for 
1^ = A*crit it is null, and when < < /Xcrit it is timelike and naked. As approaches the 
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critical point from above the horizon radius smoothly goes to zero. At the critical point, the 
conserved charges are given by: 



J2 = g2-7r = ^'^2V^rT^, (2.19) 

J3 = gs ■ ^ = iV' gs Vl + 52 . (2.20) 

Thus at the critical point A 7^ J2 + J3 and hence the solution is not BPS. In the range < ;U < 
Z^crit we have line of non-BPS naked singularities, while /i = describes a supersymmetric 
solution. In section 4 we will propose a string theoretic resolution of these singularities. 

One can define a near-critical limit as: 

For generic charges g2 ~ ^3 ~ 0(1), in this limit the horizon radius and the entropy scale as: 
2 ^/^ 



1 + g2 + gs ' 

1/2 / .r, X 1/2 



S^N^f-^^^) = f /f'fO -iVW^2g3)^/^- (2.22) 

Vi + g2 + g3/ Vi + g2 + g3/ 

The square root scaling here with differs from the linear scaling in the near-extremal limit 
for the single-charge black hole, and the last equality applies when the number of D-branes 
is much less than N [i.e., <^ A^). 



Three-charge black holes: The three-charge black hole also has a critical value of the 
non-extremality parameter below which the solution displays a naked timelike singularity. 
However, the situation is quite different from the two-charge case. The equation for the 
horizon radius reads 

r'h - f^rl + ^{rl + qr){rl + q2){rl + 53) = , (2.23) 

and there is a critical value /icrit below which this equation has no solution. However, as 
/i — > /icrit the horizon area remains of finite size — the entropy cannot be made arbitrarily 
small. The explicit expression for /Zcrit is very cumbersome and can be obtained from the 
discriminant of (12.231) . In the limit of small charges, the critical value of 11 behaves as 

(yUcrit-/ic) (2.24) 

where we have assumed that all charges are made small at the same rate and /Xc = [qiQi + 
gig3 + <l2<i3) / L"^ ■ If we write = iXcnt + with <^ /icrit, and consider a small charge 
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limit the entropy behaves as 

S ~ N'./M^s + ^{qiq2 + + mi) U + -4^=] + O ■ (2.25) 

Surprisingly, in this limit, the leading term in the entropy is completely independent of 5^. 
At 

= A^crit the horizon radius equals (again for small charges) r\ = /icrit/2 with entropy 
S ~ N'^VqiQ2Q3- At this point the horizon radius is smaller than the AdS curvature radius, 
and one might expect that the behavior of the entropy as a function of /i will be modified 
in string theory, though our analysis of the decoupling limit of the three-charge case in 
section 14.31 does not yet shed much light on this issue. 



2.1 Scales in the single-charge black hole 

The semiclassical analysis of black hole entropy that is described above is valid when stringy 
and quantum gravitational corrections are negligible because the horizon is sufficiently large. 
This is the case when the length and curvature scales of the horizon exceed the string length 
{is) and the Planck length {ip ~ gl^^is)- 

The ten-dimensional horizon area of the single-charge black hole is Ah ~ ^t^/ "^"h ~^ Q ■ 
Comparing to ig and £p gives: 

A„ » (%: (2.26) 
A„ » tV- /.»^. (2.27) 

This means that the black hole has a finite area in Planck units when the mass above 
extremality goes as 5M ~ L'^fi/G^ (see (12. 7p ). Translating into dual CFT units, the horizon 
has finite area in Planck units if the deformation of the extremal state increases the conformal 
dimension fl2.1Up by SA ~ 6M ■ L ~ A^^ ■ fi ~ 0(1), while for a horizon that has finite area in 
string units we need SA ~ jfj^ ~ "p-, where A is the 't Hooft coupling constant of the dual 
Yang-Mills theory which is large but finite for the AdS /CFT duality to apply. Next, consider 
the ten-dimensional curvature invariants "Ji = R^^^R^'^ and K = R^^.p^R^'^P" evaluated at the 
black hole horizon. To leading order in fi at 6i 

j,_ 2(l + g)(5-2g + 5a ^ _ 8(1 + g)(4 + 5g + V) ^ ^^.28) 

L^fiq sin^ 6i ' L^jlq sin^ 6i 

These exceed the Planck and string scales when: 

i^, 3^ > 4 : > ^ , (2.29) 
K,-Jl » t,: (2.30) 



^ To be precise, we consider the limit qi eqi and /i — > e'^^^/i, and send e — > 0. 

^ These expressions look singular as 9i 0, but this is simply an order of limits issue. Taking ^ and 
then extracting the leading terms in // leads to a non-singular expression for the curvatures at any /i > 0. 
Also the Ricci scalar vanishes smoothly in the extremal /i — > limit. 
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Thus to have horizon curvatures that are small in Planck units we need CFT deformations 
with 6 A ~ 0{N), while curvatures that are small in string units require 6 A ~ 

Putting these bounds together, to have a near-extremal black hole with a horizon that 
does not acquire quantum gravity and string corrections, we require that 

(2.31) 

gsN 

In the limit where the AdS/CFT correspondence applies, we take the large- iV limit with 
QsN held fixed and large. Hence the lower bound can be regarded as a small number that is 
0(1) in terms of scaling with N. Finally, a near-extremal black hole with a horizon that is 
finite with respect to the AdS scale satisfies 

!^ ^ 0(1) =^ fi^ 0(1) < q , (2.32) 

where we used the fact that q does not scale with N and the second inequality is simply 
the requirement that the black hole be near extremality. In the limit where the AdS/CFT 
correspondence applies (large- iV with L fixed but large), such black holes are rehably de- 
scribed in five- dimensional supergravity, so long as instabilities to Hawking radiation and 
localization on the [T7] do not set in. These instabilities appear when the black hole 
horizon is smaller than the AdS scale [HI [191 1201 [211 [22] by a factor that is 0(1) (and not 
parametrically smaller in N or Qs). Thus the near-extremal gravitational entropy calculated 
above can only match the degeneracy in the dual field theory in some range: 

^ « 5 « /i « g ~ 0(1) , (2.33) 

where 5 is an 0(1) number that could be determined by a detailed stability analysis in 
gravity. 



3 Counting states 

We will provide evidence that the microstates of the near-extremal black hole can be thought 
of as a dilute gas of defects distributed within a heavy BPS operator which in turn creates 
one of the typical microstates of the extremal black hole. This picture is motivated by 
the observation described in the previous section that the underlying distribution of D- 
branes that source the spacetime is not modified in the near-extremal black hole, suggesting 
that the entropy of the near-extremal black hole arises from a gas of open strings attached 
to these branes. Techniques for enumerating such open string states and studying their 
dynamics have been developed in [H [9l [TOl [Til [12] • We will first provide a back-of-the- 
envelope combinatorial estimate of the number of ways of distributing defects on a large 
BPS operator, and then we will derive the same functional form for the degeneracy from 
the exact [N" = 4 super- Yang-Mills partition function at zero coupling. In this section we 
will only study the single-charge black hole, and it should be kept in mind that in order to 
match with the black hole an extrapolation to finite coupling is necessary; in the absence 
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of supersymmetry the degeneracy can change with the couphng as the operators are not 
protected from obtaining anomalous dimensions, but it is interesting to see how far we can 
go by working with the weakly coupled description. 

3.1 The typical states of extremal black holes 

The extremal black hole {fi = 0) preserves sixteen of thirty-two supercharges. Such half-BPS 
configurations are amenable to an exact analysis in both field theory and bulk supergravity 
using the techniques of [5l E], [3, HE]. In the 3\f = 4 super- Yang-Mills gauge theory, half-BPS 
multiplets transform in the [0,p, 0] representation of the SO [6) R-symmetry. The highest 
weight state in each half-BPS multiplet is a multi-trace operator in a single complex chiral 
superfield Z. Because Z carries a single unit of U{1) R-charge and also one unit of conformal 
dimension, a polynomial in Z automatically satisfies the half-BPS condition that A = J. 
The structure of the half-BPS operators can be completely studied in a reduction of the 
Yang-Mills theory to a Hermitian matrix model with a harmonic oscillator potential [6l[7]. 
The eigenvalues of this system are governed by the dynamics of fermions in a harmonic 
potential. The ground state of the N fermi system encodes empty AdSs x S^, while excited 
states correspond to half-BPS geometries via an explicit dictionary [TBI El El 123] • 

The data about the energy levels of the fermions are conveniently encapsulated in a Young 
diagram with rows. The length of the k-th row denotes the excitation energy Ej. of the 
k-th fermion above its ground state energy (in conventions in which the frequency of the 
harmonic oscillator satisfies uj = 1): 

r, = ^{E,-El). (3.1) 

The number of boxes in the Young diagram determines the conformal dimension A of this 
half-BPS operator. The different Young diagrams are orthogonal configurations. 

The Young diagram has a nice interpretation in terms of the D-branes that source the 
bulk geometry. If we read the diagram from left to right, the columns represent giant 
gravitons, D3-branes that wrap an 5*^ C S^. The maximum angular momentum of any of 
these giant gravitons is A^, but their number is unconstrained. If we read the diagram from 
top to bottom, the rows represent dual giant gravitons, D3-branes that wrap an C AdSs. 
We can have at most A^ of these because each of the dual giant gravitons is stabilized by one 
unit of flux. The angular momentum of the dual giant gravitons (row length) is unbounded. 

The extremal black hole corresponds to a geometry with a flxed number A^' of giant 
gravitons, where A^' is 0{N). This means that the conformal dimension A of the dual 
operator lies between A^' and N ■ N'. We can consider the general shape of a Young diagram 
with a number of boxes A that lies within this interval. That is to say, we enumerate 
partitions of A into at most A^ parts such that the largest part is A^'. Almost all partitions lie 
along a limit shape that maximizes the entropy of the partition [3]. The number of partitions 
that deviate signiflcantly from this limit shape is exponentially small. For A = ^NN' the 
mean fleld curve describing the typical Young diagram is a triangle with sides of length A^ 
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and A^', and the entropy is computed to be 

-'-(^)^^ .4..-, ..yf , ..yf . ,3., 

The hmit shape configuration determines the metric for the bulk geometry. The slope 
of the curve N'/N determines the distribution of the fermions in their phase space. This 
information recovers the metric in the bulk. Because the regular boundary conditions are 
not satisfied, the spacetime geometry in the semiclassical limit is singular. In fact, it is the 
metric (12. ip with ^2 = Q's = = [3j. Equating the microcanonical entropy S to the bulk 
entropy Sbh — '"I/Cs; the horizon size of the extremal black hole scales as a negative power 
of and is therefore not detectable semiclassically. 

3.2 The non-extremal black hole as a gas of defects 

In analyzing microstates of the non-extremal black hole, which we treat as perturbations of 
the extremal operators, it is convenient to work in a basis where operators are written as 
products of traces. To map from the free fermion picture to the multi-trace picture, a Schur 
polynomial is associated to each Young diagram as follows: 

E^KiH^^t^"']' (3.3) 

where Z is a complex scalar field of the Yang-Mills theory, the {aj} are partitions of A 
subject to the constraint that ai < N to satisfy U{N) trace relations, and the Cj^j are 
certain coefficients constructed from characters of the symmetric group [6l [7]. Thus, the 
typical half-BPS state that is dual to an extremal black hole microstate can be expressed in 
terms of a particular sum of multi-trace operators following (13.31) . 

Given such a typical state in the trace basis, we can introduce a diffuse gas of randomly 
distributed supersymmetry breaking defects. The number of inequivalent ways of introducing 
these defects should account for the entropy of the non-extremal black hole. From the 
spacetime perspective, these defects correspond to open strings attached to the D-branes 
creating the black hole [H El [TOl [IH [I2] . 

The defects that could be introduced into a half-BPS operator can be constructed from 
products of the elementary defects such as the ones listed below with their quantum numbers: 











(VV)(„;3) 


V2 


(VA)^ 


(AA)*^' 


(FF) 


A 

3 

[k,p, q] 


1 


[0,1,0] 


3/2 
1/2 
[0,0,1] 


2 
1 

[0,0,0] 


2 
1 

[0,0,0] 


2 


[0,0,0] 


5/2 
1/2 
[1,0,0] 


3 


[0,1,0] 


4 


[0,0,0] 



Mij are the adjoint scalars and i,j are SU{4:) ~ S0{6) indices, A^i are gauginos, F^/s is 
the SU{N) field strength, and V is a gauge- covariant derivative. Also j is the rotational 
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quantum number on the sphere where the Yang-Mills theory is defined and [k,p, q] indexes 
the representation of the defect under the 5*0(6) R-symmetry group. Now, according to 
( ]2.13p . turning on fi while keeping q fixed means adding 6 A and SJ in the ratio 3:1. It is 
interesting that there are defects such as (AA)*-' that directly achieve this goal, since this might 
suggest that this defect will be the most "efficient" way of achieving non-extremality and 
will dominate the degeneracy. However, there is no obvious a priori reason why increasing 
fi at fixed q should be a distinguished one-parameter family of solutions in the total space 
parameterized by both /i, q. Therefore, one should really count all possible distributions of 
arbitrary impurities over half-BPS states. We will see later in this section that the final 
answer, i.e., the degeneracy S{A, J), does not depend very much on whether one includes 
just a few impurities or a large number of them, or on whether one only considers impurities 
with 6 A : 6J = 3 : 1. We will therefore focus on a direct counting of ^(A, J) in the remainder 
of this section. 

3.3 Combinatorial analysis 

In this section we will directly estimate the number of operators of given A, J with A ~ N"^. 
Consider a half-BPS operator of dimension 0{N'^). Typically it will consist of a sum of 
parts, each of which is a product of many single-trace components. Let us take a single one 
of thesejfl which is a product of single-trace pieces. 



We want to distribute a certain number of impurities over this operator, breaking super- 
symmetry. However, instead of distributing arbitrary impurities we will for simplicity only 
distribute s types of operators with A = 1 and J = over 0. While this is a drastic sim- 
plification, one might expect it to yield the correct overall scaling. Adding eA such defects 
into the traces appearing in the half-BPS operator would increase the conformal dimension 
of the operator by an amount eA. To remain in the near-extremal black hole limit we will 
take e -C 1 and keep HN fixed while sending — >■ oo. 

If we distribute all these impurity operators over 0, we will be adding a certain number 
of them to each single-trace component^! Suppose we add rij ,,• operators of type j to tr(Z"'). 
So j = 1, . . . , s and i = 1, . . . , M. Focusing on a single-trace component, Polya counting 
tells us precisely how many ways there are of doing this. However, for our purposes a simpler 
counting is sufficient. Simple combinatorics tell us that the number of ways to distribute 
defects is approximately 



The fact that there is an underlying ensemble of 0{e^^) half-BPS operators of conformal dimension A 
is a subleading contribution to the entropy compared to the distribution of the defects in a typical state. 

^ We ignore "pure" defects, which is to say we incorporate defects into the single-trace components of 0, 
but do not account for new single-trace components (gauge invariant operators) built exclusively from the 
defects. This undercounting is parametrically small in the large- TV limit. 



= tr(Z"i)tr(Z''2) . . .tr(Z'^*0 . 



(3.4) 




(3.5) 
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Here, the factor of ^ ^ appears due to the cychcity of each of the traces. The expression 

(13. 5p undercounts insertions of impurities that have additional symmetries for which not all 
cyclic shifts yield new configurations, but that is a subleading contribution to the overall 
counting. Incidentally, this expression (13.51) is exactly the first term in the usual Polya 
expression. If we denote 

mi = ^nij, (3.6) 
j 

then (13. 5p can be rewritten exactly as 

n^^f"^+"^0. (3.7) 

I ^ ' 

We want to sum this and keep ^ mj = eA fixed. We can equivalently also sum over all rrii 
and at the end simply pull out the relevant power of s. The sum over all rrii can be done 
because of the identity 

(a + m\_ 1 
^^a + m \ m J a{l-s)-' 

and using this and upon extracting the appropriate power of s, we find 

Since Yli ctj = A, we can approximate the binomial coefficient and the result is the degeneracy 

s'^ A'^ 

— Tl^- (3-10) 
^^a^(eA)! 

The factor (Yl "^O"^ needs to be averaged over all possible states, but this will never produce 
a factor that depends on e. Also, as this leading order result is independent of the precise 
distribution of trace lengths in the operator, we need not be concerned that we did not 
impose the U{N) trace relations and specify the in (13. 4p to be exactly the distribution of 
traces appearing in the typical black hole microstate. Using Stirling's approximation of the 
factorial, we obtain 

S Aeloge + eA(logs + l) + ... . (3.11) 

To match this with the near-extremal black hole we may use (I2.10p and (12. lip to write: 

Jtot = N\q + ^fi) = A, (3.12) 

Atot = N\q + ^fx) = A + eA. (3.13) 

Using this, the estimate (13.111) can be written as 

S ~ N^fi \og{q/fi) + N^fi \og{s + 1) . (3.14) 

While this matches the dependence of the black hole entropy (I2.15p . the functional de- 
pendence on (1 and q is not the same. In going from weak to strong coupling the degeneracy 
appears to finitely renormalize in a way that depends on the distance from extremality. 
Below we will verify that the above estimate is accurate via a partition function calculation. 
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3.4 Eigenvalue density analysis 

The exact zero coupling partition function of !N = 4 Yang-Mills theory on in the presence 
of chemical potentials for the U{1) charges is: 

Z = TT{xW,^qi'qi') (3-15) 
[dU] exp I Um^"". qT. €) + gr, 92™, q^))tT{U^)tT{U^y 

\ m=l 

where J[dU] is an integral over U{N) with the boson and fermion one-particle partition 
functions {zb, zp} given by 



ZB{x,qi,q2,q3) = + 71 ^(^i + + 92 + + gs + gj^) > (3-16) 

2a;3/2 



ZF{x,qi,q2,q3) = -^^^^(gP + g/^^)(g2^V ^2 ^^^)(93^^ + % ^^^) • (3-17) 

This expression follows directly from the results in [23] ; more detailed discussions can, for 
example, be found in 



If, instead of working in terms of the U{N) matrices, we use their eigenvalues, the parti- 
tion function becomes: 

^ = ^0 / n ^ ( - E ^(^^ - ^^•) ) ' (3.18) 



where 



Zo = ^ exp I ^-^i^Bix"'. QT. qT. qT) + i-ir^'zFix"^, qT, qT, qT)) } , (3-19) 

I, m=l 



and 



oo ^ 

V{d) = log 2 + V -(1 - Zb{x^, gr, qT, QT) - i-ir^'zFix"^, g™, q^, q^)) cos(m^) . (3.20) 

< ' m 



m 

m=l 



Following [24], in the large- iV limit, we can replace the integral over eigenvalues by an 
integral over an eigenvalue density p{0), which we assume to be normalized j dO p{6) = 1. 
If we also denote pm = j dO p{6)cosm6 and Vm = j dO V{9) cosmd, then the partition 
function becomes 

Z = Z'q JJc/p^exp j -— ^ |pm|Vm j , (3.21) 

m \ m=l / 

with 

= ^(1 - ^ij(x™, gr, g2"^, gs"') - i-ir^'zp{x"^, gr, qT, qT)) (3.22) 
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and Zq a constant independent of x, qi which we will ignore from now on. In the remainder 
of this section we will put g2 = Q'3 = 1? as we are interested in counting states as a function 
of A and just a single U{1) charge J, so that 

Z = Tr(x^g-^) . (3.23) 

Notice that we can rewrite the partition function as 

Z = Tr((xg)(^+-')/2(xg-i)(^-')/') = Tr(g^+'^g^-^) , (3.24) 
where we have defined 

q+ = ^/xq, q- = ^/xJq. (3.25) 

From this expression and the BPS condition A > | J|, it is clear that the partition function 
only exists for q± < 1, in other words for x < g < x^^ . The BPS partition function is 
recovered in the limit 

g_ ^ , q+ fixed , (3.26) 

where it becomes 

Zbps = TrA=jg+^ . (3.27) 

The fixed parameter — l/logg+ corresponds to the "fictitious" temperature used in [3j|. Fur- 
thermore, the superstar geometry was reproduced in the semiclassical limit as the geometrical 
realization of typical states in an ensemble with g+ ^ 1 (infinite "fictitious" temperature). 
In appendix |Al we explicitly demonstrate how one recovers the exact counting of half-BPS 
states from (I3.15p . 

Once we move away from extremality, we need to study Z{x, q) as a function of both x 
and g, as the entropy 5'( A, J) will be obtained as the Legendre transform of log Z. Instead 
of working with x and g, it will be more convenient to work with q±. As was shown in |24j . 
[Nf = 4 Yang-Mills theory has a phase transition in the large- limit even at zero coupling. 
This phase transition separates a confining phase with the free energy independent of 
from a deconfined phase with the free energy proportional to A^^. (For a discussion of this 
phase transition in the presence of chemical potentials, see [22] •) For our discussion it will 
be important to know in which phase we are. Since we are interested in a regime where 
A ~ A^^, it turns out that we are very close to the transition line, but as we will demonstrate 
the entropies below and above the transition line have the same qualitative behavior. This 
is reminiscent of the Horowitz-Polchinski correspondence principle [26] and is quite possibly 
the weakly coupled version of it. 

The phase transition takes place along the line 

ZB{q+,q-) + ZF{q+,q-) = 1. (3.28) 

This line is contained entirely inside the region g± < 1 in which the partition function exists, 
and in this region the one-particle functions ZB{q+, q-) and zp{q+, q_) are strictly monotonic 
functions of both g+ and g_. Below the phase transition, in the confining phase, all Vm > 
and the partition function is dominated by a saddle point which corresponds to the constant 
eigenvalue density. On the other hand, above but close to the phase transition line, the 
partition function is dominated by an eigenvalue density p{9) = 2^(1 + cos 6'). 
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We first look at the case where we are in the deconfined phase. Very near to the phase 
boundary one finds (similarly to [21]) that the partition function behaves as 

logZ ~ —{zB{q+,q-) + ZF{q+,q_) - 1) . (3.29) 
On the other hand, in the confining phase we find by integrating out pm that 

oo 

logZ ~ - J]log(l - ZB(g!r,g-) - {-ir^'zF{q:^,q^)) , (3.30) 

m=l 

and very close to the phase boundary this is dominated by the term with m = 1 which 
diverges there. 

Now we consider a point (g+,g^) very close to a point {q^^q^) on the phase boundary. 
We can write 

Zij(g+, g__) + ZF{q+, g_) ~ 1 + ao(g+ - g° ) + 6o('?- - g° ) + • • • , (3.31) 
and from this we obtain the entropy as the Legendre transform 

^(A, J) = log Z - (A + J) log g+ - (A - J) log g_ (3.32) 
of log Z. In the deconfining phase we get 

^-(A + J)-^g>o-(A + J)logl^|^ + (A-J)-^g%-(A-J)logl^^ 

° (3.33) 

This result is only valid in the regime 

A + J > — g° ao, A - J > — g° &o • (3.34) 

As we vary (g^j^^), these bounds represent the phase boundary in the (A, J) plane which 
separates the confining from the deconfining phase. 

In the confining phase we find, on the other hand, that the relation between q± and A, J 
reads 

_ (aog° +M°)(A-^) _ (ao9° +M°)(A + ^) 

feo(l + 2A) ' ao(l + 2A) ' ^^"^^^ 

and that the entropy is given by 

5 ~ (2A + 1) log (^^±^\ - (A + J) log - (A - J) log ^^f^ . (3.36) 

If we insert the values for A, J from (13.341) into (13.351) . we find that 

g+ = g° -0(iV-2), g_ = g° - 0(iV-2) . (3.37) 

Therefore, we find that the results from the analysis of the confining phase are reliable up to a 
distance of order N~'^ away from the phase boundary. There is a very small crossover phase of 
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width A^~^, and above the phase boundary the results from the deconfining phase analysis are 
reliable. The results for the entropy from the deconfining phase and confining phase match 
to leading order at the phase boundary (both are equal to — (A + J) log g° — (A — J) log g° ), 
which again is reminiscent of the Horowitz-Polchinski correspondence principle [26j. 

The above analysis of the confining phase will also break down once we approach the 
half-BPS point on the phase boundary where g_ = while = 1. Here, fl3.30p cannot be 
approximated by the m = 1 term alone. For g+ very close to one and g_ very close to zero 
log Z behaves in the confining phase as 



logZ ~ - log (2(1 - g+) - 16g_) + f . (3.38) 

The first term is the leading behavior of the m = 1 term in (13.301) and a similar logarithmic 
divergence appears all along the phase boundary. The second term is the leading behavior 
of the remaining terms — X]m=2^°S^ (13.301) . Recall that the entropy was obtained from 
the Legendre transform ^(A, J) = log Z — {A + J) log g+ — ( A — J) log g_. Solving for q± we 
find, up to subleading corrections, that they are given by 

^ + ^— ^-(A + J) = 0, (3.39) 



12(1 -g+)^ l-g+ 



^--i— ) = g_. (3.40) 



A- J 

From these equations we see that there are two regimes, one where (A — J)^ ^ (A + J) and 
where (1 — g+) ~ 1/VA + J, and one regime where (A — J)^ ^ (A + J) and (1 — g+) ~ 
(A — J)(A + J)^^. In the first regime, which is very close to the half-BPS limit, the entropy 
is given to leading order by 

5~vry5±Z, (3.41) 
whereas in the second regime it is given to leading order by 

S^{A-J) log (^) • (3.42) 

In the first regime the leading contribution to the entropy is simply coming from the num- 
ber of half-BPS states, and the additional contribution coming from the impurities can be 
neglected. In the second regime this is no longer the case. The crossover between the two 
regimes takes place when (A — J)^ is of order (A + J), and the crossover regime will therefore 
have size ~ N~^. 



Summary: We have studied the partition function and the entropy close to the confine- 
ment /deconfinement phase transition line, and we have found three regimes: close to the 
phase transition line in the deconfined phase, close to the phase transition in the confined 
phase, and close to the half-BPS point. These are all relevant in different regimes, and there 
is a smooth crossover behavior between them. If A± J both scale as A^^, the entropy is linear 
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in A ± J. This result is even valid if A ± J are proportional to large constants times A^^, 
but to see this one needs to study the high-temperature behavior which requires a separate 
analysis. If (A + J) -C (A — J)^ <C (A + J)^, then we are always in the confined phase but 
the results from the near-half BPS regime and the regime close to the phase boundary (13.361) 
agree: the entropy behaves as (assuming A + J ~ N^) 

^ ~ ( A - J) log (^^) ~ log(g//i) + iV V log 2 , (3.43) 

where we have used (I3.12p and (I3.13P in writing the last equality. This result is robust, as 
one can easily check that including higher terms in the Taylor expansion of zb + zp will 
not affect the leading behavior of the entropy. Finally, once (A — J)^ <^ (A + J), we are 
very close to the half-BPS point, and the entropy is dominated by that of half-EPS states 
as given in (13.411) . 

The result for the entropy (13.431) agrees with the leading behavior we obtained from the 
combinatorial analysis (see (13. lip ), and we have therefore justified the interpretation of the 
microstates as open strings propagating on a background of half-BPS D-branes. Following 
the discussion below (13. lip , we also see that the free field theory reproduces the N scaling 
of the gravitational entropy in the regime fl,q ~ 0(1) where the calculation applies, but not 
the functional dependence on the distance from extremality. 

It is interesting that free field theory is sufficient to recover the scaling behavior in N of 
the entropy of the non-extremal single-charge black hole in AdSs given that the associated 
operators are not protected by supersymmetry. This lends some credence to the proposal in 
[3] that very heavy operators of conformal dimension 0{N'^) associated to black holes might 
enjoy a kind of "almost-non-renormalization" theorem. 



4 Decoupling Limits 

In the previous section we tried to account for the entropy of near-extremal black holes in two 
ways. Firstly, we simply computed a partition function in the Yang-Mills theory. Secondly, 
we counted defects inserted in the half-BPS state, which can be regarded as counting open 
strings on the D-branes sourcing the spacetime [HI [9l [TOl [TTl [12] . These approaches agreed in 
their estimate of the entropy. While we did these calculations for the single-charge superstar, 
the partition function calculation can be generalized in a fairly straightforward manner to 
the two- and three-charge cases with similar results. 

However, the approach of counting defects, i.e., open strings on giant gravitons, requires 
more thought in the two- and three-charge cases. This is because the multi-charge black 
holes contain multiple species of giant gravitons that are oriented differently in the in 
AdSs X S^, and thus contain new kinds of open strings that are stretched between the 
different species of branes. For the two-charge case, the two species of branes intersect on 
circles, and so if the strings stretched between these branes dominate, the entropy should 
be explained by an effective two-dimensional theory [15], and be proportional to the number 
of intersections between the two brane species. Indeed, the near-extremal entropy formula 
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fl2.22p has a dependence on the product of the charges, q2 qs, which is proportional to the 
intersection number. Likewise for the three-charge case, the three kinds of branes mutually 
intersect at a point and if the degrees of freedom at this intersection dominate, the entropy 
should be explained by a (0 + l)-dimensional theory, and be proportional to the product 
of all three charges. Indeed, the latter is true for the near-extremal black hole: see f l2.25p . 
Finally, the square root form of (12. 9p suggests that the entropy in all cases is associated to 
a partition of integers, possibly arising from an underlying conformal field theory. Thus the 
entropy formulae point towards the existence of effective (1 + 1)- and (0 -|- l)-dimensional 
conformal field theories that explain the entropy of two- and three-charge black holes in 
AdSsI^ To test this, we can look for the AdSa and AdS2 gravity duals of these effective field 
theories by taking decoupling limits that isolate the theories living on the intersections of 
giant gravitons. 

Recall first that all the giant gravitons sourcing the black hole geometries are not located 
at the same point in the factor of AdSs x S"^ [2] . To review, there are three kinds of giant 
gravitons, depending on the angular directions (pi along which they move (the R-charge they 
carry). In terms of the functions /Xj appearing in (12. ip . each giant of the i*^ kind has a radius 



p, = L^l-fil (4.1) 

and so its size depends on its location on the five-sphere. The density of giants characterizing 
these distributions in each direction is [2] 

Integrating this, we learn that the charge parameters (g^/L^) controlling the black holes 
configurations are related to the integral number of D-branes by 

Qi Ni , , . 



We seek decoupling limits in which gravity in the near-brane geometry is dual to the low- 
energy field theory on the D-branes themselves. Imitating the decoupling procedure that led 
to the AdS / CFT correspondence [27] , we will take the string length ig to zero while keeping 
the energies of open strings relevant for the entropy fixed. On the D-branes, this gives a 
theory of the lightest open string modes decoupled from gravity. If As is the length of an 
open string stretched between a pair of branes, its mass is As/i^. Hence, we must require 

is^eis] As^e^As (4.4) 

as e — in order to keep masses fixed. Since the giant gravitons in the superstar solutions 
are at the origin of AdSs and are distributed over the S^, the decoupling limit in spacetime 
will have to focus in on ~ and onto fixed angles on to achieve As ~ e^. Furthermore, 

^ See |15j for an attempt to directly analyze the theory on the intersection of a pair of giant gravitons to 
account for the superstar entropy. 
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since the giant gravitons are moving at the speed of hght around the angular directions (f)i it 
will be generally necessary to also focus in on a null line to display the region where stretched 
open strings remain lig htS Finally, for the non-extremal solutions, to keep the total energy 
of the excitations on the branes fixed, we will need to scale the non-extremality parameter /x 
appropriately. With these e scalings of is and the coordinates, accompanied by appropriate 
e scalings of the parameters of the solution, every term in the metric and the matter fields 
can be expanded in powers of e. If the leading terms in this expansion give a homogeneous 
rescaling of the metric {g^i, ^°'9%): then (7°^^ (accompanied by the leading terms in the e 
expansion of the matter fields) must itself provide a solution to Einstein's equations. This 
isolates the geometry dual to the decoupled D-brane gauge theory. Below we will carry out 
this decoupling procedure separately for one-, two-, and three-charge superstars. 



4.1 One R-charge 

Set q2 = = 0, and denote qi for simplicity by q. Then the D-branes in (12.11) are distributed 
along the angle 9i. We let 

is-^eis (4.5) 

and L and q will scale with their powers of £s so that L ^ eL and q ^ q . Strings stretched 
along r and 9i between branes at the angle 6^0 and a probe giant graviton at (r, 6*0 — 9) will 
have a mass 

^ = — ■ (4-6) 



To keep these masses fixecS we scale 

r^e^r; 9^ = 9^ - 9 ^ 9^ - t9 . (4.7) 

It is also convenient to introduce a dimensionless time i = t/L which is held fixed in the 
scaling limit so that 

t = Li ^ eLi. (4.8) 

At any fixed 9o, the giant gravitons are moving along the 0i circle at the speed of light. 
Hence to keep the lengths of strings stretched to these branes fixed, it is necessary to focus 
into this lightlike direction. In terms of the differential dx = dipi — dt, it turns out that the 
appropriate rate of focusing is 

dx^edx (4.9) 
in order to get a homogeneous scaling of the metric. 



^ Giant gravitons are massive particles and strictly speaking their velocity is less than the speed of light. 
However, they have an equation of motion (pi = 1 and their dispersion relation is p — E in appropriate units 
(the canonical momentum, which includes contributions from the Chern-Simons term on the worldvolume, 
is null). Hence, we will continue to say, loosely, that they move "at the speed of light." 

^ Here we are taking a probe approximation where we are computing the length of strings in the back- 
ground AdS spacetime before the branes backreact to produce the superstar geometry. This is because the 
backreacted geometry should be thought of as being equivalent to the physics of the light open strings in the 
probe treatment. 
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We must also keep fixed the energy above extremality associated to the branes at the 
fixed angle 6q. To do this recall that non-extremality adds a mass to the black hole (12 .Tp 

M^-^. (4.10) 

This mass integrates contributions from branes distributed over all angles 9 on the . Hence 

we can estimate that the contribution to the mass from excitations on branes at any fixed 
angle is 

M, (4.11) 
Lx^L 

Since oc to keep Mq fixed in the limit (14.51) . we should take 

/i^eV- (4.12) 
Scaling 4, g, L, t, r, 6i, x, and in this way, we find that 

Hi-y,. /(0-l + ^-^, 7-^sin^^o, (4.13) 

and the metric scales homogeneously to leading order in e as e^. The five-form field strength 
(12. 4p takes the form 

= '^mi^d^dth dr ^Sn + 2L^ qsiii Bo cos do dxl^d^^d^n , 

Lj 

~ 2L^r ~ 

i<dB^^'^ = 2L^ cos ^0 dxi AdOA d^Q + sin^ dt A dr A d^Q (4.14) 

Q 

and scales homogeneously as e^. Thus, both the Ricci scalar as well as the square of the 
five-form scale as e~^, and the equations of motion will scale homogeneously as well. 

As we have explained above, the leading terms in the metric give the geometry dual to a 
decoupled field theory on the giant gravitons located at 9i = Oq. In terms of the coordinate 



r 

the metric is 



ds' = smeo^z[-fdt' + qds% + L'ds%]+-^ ^^-,2,r2^^2, 
with 



^ dz'^ + d9^ + ^ dx 

f tan^ ^0 



(4.15) 



(4.16) 



f=i+±-m, (4.17) 

To determine what field theory is dual to this geometry we have to compute how many 
D-branes are at the angle Oq and what size they are. 

Following [28] , giant gravitons can carry an R-charge 1 < J < A^, and in the probe brane 
approximation are located on the in AdSs x at the angle 

sme, = ^ (4.18) 
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and have a size 



(4.19) 



This suggests that in the decouphng hmit that we have been discussing, there is only a single 
giant graviton present at each 6q and hence a U{1) theory is dual to the geometry (14.161) . To 
test whether this is the case we should ask whether the strings stretched between a D-brane 
of R-charge J and another of R-charge J + k can remain light in our decoupling limit. Again 
taking the probe approximation]^ the mass of a string stretched between such branes will be 



m 



A9 



L 



sm 



J + k 



N 



sm 



If we assume that k <^ J N, 



A9 



k 



(4.20) 



(4.21) 



sin 200 

Since L (x is, the decoupling limit that we have been discussing, m ^ m/e for fixed k, which 
diverges as e ^ 0. Thus it would appear that the branes of different R-charges decouple 
from each other, and that the geometry (14. 161) is dual to a U{1) gauge theory on a sphere 
of size (14.191) . An alternative way to see this is that, taking J ~ A^, the stretched open 
string mass is held fixed in our scaling limit if we scale /c — > efc. (This correctly reproduces 
the scaling of A6 in (14. 7p via (14.211) .) Thus it seems that in this limit, only the strings on 
the brane located precisely at 9i = 6q (i.e. = 0) are massless, though to be sure of this 
conclusion we would need to understand the wavefunctions of giant gravitons of the and 
how they overlap 



Semiclassical limit and scaling A^: Our previous analysis kept both Qs and A^ fixed as 
is e^s, so that the AdS scale L was also scaled to zero in the decoupling limit. However, 
the semiclassical limit in which the geometry is reliable also requires that A^ ^ oo to keep 
the AdS scale L fixed (see, e.g., [23 E])- We will keep the string coupling Qs fixed and small, 
so that we can trust the tree-level supergravity approximation. Thus, requiring L to be 
fixed, determines the scaling in A^: 

A^ 

N-.-. (4.22) 



The mass of the stretched open strings (14.201) in the regime k <^ J N behaves like 



To keep m fixed as 4 els, we need 



^ - ^ ^ • (4.23) 



k-^^. (4.24) 



^ I.e., we do not include the backreacted metric of giant gravitons, and treat them as probes distributed 
on 5*5. 

^°In the regime where the strings stretching between adjacent stacks of branes are hght it may as well be 
useful to consider a DLCQ limit of type IIB string theory [29) . 
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Using (14.211) . this scahng is consistent with a quadratic scahng in 6. Indeed, to get a uniform 
e scahng of the metric we can takj"1 

L ,gs = fixed ; q = fixed ; t = Lt = fixed ; 

r ^ ; /x ^ e V ; 9^ ^ Oq - 9 ; dx ^ e^dx , (4.25) 

resulting in exactly the same decoupled metric and flux as in (14.161) and (14.141) . With these 
scalings, including (14.221) . we can use (14. ip and (14.21) to estimate that the number of branes 
located in the vicinity of 9q is 

is: = A^isin2^o (4.26) 

where is the extent in 9 over which open strings have fixed masses. Then adopting the 
scahng (14.241) and using (14.211) we find that 

K=j^k, (4.27) 

where is a constant that must be determined by consideration of the wavefunction of giant 
gravitons on S^. This implies that the geometry (14.161) is dual to a U{K) gauge theory on 
a sphere of radius given by (14.11) . 



Interpretation of the metric: We can try to relate (14.161) to more familiar metrics. 
Suppose we write down the near-horizon metric for k D3-branes wrapping a three-sphere, 
with transversal space C x T^, where C is a cone over S^. Also assume that the D3-branes 
are smeared over the transverse two-torus. If we ignore the fact that this system is not a 
solution of type IIB supergravity, and if we employ the usual harmonic functions to describe 
D3-brane metrics, the resulting metric takes the same form as (I4.16p . This suggests that 
(I4.16P is dual to a suitable U{K) gauge theory. It is not clear whether the natural description 
is in terms of quantum mechanics, a four-dimensional gauge theory or even a six-dimensional 
theory, as the presence of the transverse two-torus might suggest. We leave a more precise 
dual description of (14.161) for future work. 

Black hole entropy: The entropy of the near-extremal single R-charged AdSs black hole 
is: 

^near-extremal = VT v^A^^/^ (^^j' . (4.28) 

Using the Bekenstein-Hawking entropy formula for our decoupled metrics, we obtain that 
the entropy stored in the focusing region located at 9o is: 

S-strip = TT N'/^ (^) ' [4 sin^ 9o cos 9o 59o] . (4.29) 

There is a one-parameter family of rescalings under which r — > r, /it — > — > ~ c° X ^ ^"Xi 
t — > e'^^'^t, L — > e^"° i and q q. These all lead to the same metric (scaling as e"*"") and five-form 

(scaling as e^^^"). This corresponds to a scaling k e^^-^" k. 
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This result can be interpreted as the entropy density in that location: it is equal to the total 
entropy 5'near-extremai tiuies a fractiou less than one that is regulated by the size of the focused 
area 56q. By integrating this density over Oq G [0, 7r/2] and using the identity 

4 / 860 sin^^o cos^o = 1, (4.30) 



we recover the total entropy of the original AdSs black hole: 

'S'strip 'S'near-extremal ■ (4-3 1) 



The precise interpretation of this entropy computation is not quite clear, but our results 
above suggested that each decoupled "strip" is dual to a t/(A''i sin 26^1 A6') = U{K) theory 
whose entropies then add up to give the total degeneracy. This would imply that the entire 
near-horizon geometry is dual to a 

X{U{K) (4.32) 

e^ 

gauge theory where the product runs over a set of discrete angles at which the giant gravitons 
are found. We might think about this as the Coulomb branch of the theory on the U{Ni) 
giant gravitons that are sourcing the superstar. To justify this, recall that while we have 
been thinking about the superstar in terms of giant gravitons (spherical branes on S^), but 
we could equally well have thought about the spacetime in terms of dual giant gravitons 
(spherical branes that expand into AdSs). In terms of the latter, the SU{N) Yang-Mills 
theory dual to the spacetime is in the Coulomb branch and is Higgsed down to a product of 
U{k) factors depending on the numbers of coincident branes [30J. Our results suggest that 
we can similarly take the perspective that the near-horizon geometries of the single-charge 
superstars have a dual description in the Coulomb branch of the gauge theory on the Ni giant 
gravitons that source the spacetime. To treat this Coulomb branch properly we would need 
to work out the wavefunction of the giant gravitons on to see how these wavefunctions 
overlap and splice together in strips to cover the S^. We have not attempted to do this, but 
some evidence for this perspective is given below. 



New dualities: We can now show that the metric (14.161) appears as a decoupling limit 
of two different asymptotic geometries. To see this, write (14. 3 p as 

AT' 

q = j^L^: L = is{4ng,NY/\ (4.33) 

where N' is the total number of giant gravitons in the solution. Then define the new variables 

q' = §jL"; L' = i^Ang^N'y^K (4.34) 

In terms of q' = q'/L'"^, we can define new parameters and coordinates 

r' = r[j^Y"\ (4.35) 
q \ -3/2 



= , (4.36) 
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with no change in either i or dx- Notice that L'^ = Ly/q. In terms of these variables and 
coordinates, the metric (14.161) becomes 



ds^ = sin ^0 [-/' dt'^ + L'^ ds^ + q' dsl,] + ^ 



^dz'' + L"de' + -^dx" 
f tan"'6'o 



(4.37) 

where z' and /' found from z and / by replacing unprimed with primed variables. The 
form of the metric is exactly the same as (I4.16P except that the two S"^ factors have been 
exchanged. This is essentially an exchange between giant gravitons and dual giant gravitons 
and tells us that the near-brane physics can be described equivalently either in terms of the 
U{N) Yang-Mills theory dual to the entire spacetime, or in terms of the theory on the giant 
gravitons. Indeed, in the form (I4.37p . the metric could be extended to an asymptotically 
AdSs geometry with scale A^' rather than N. This tells us that the deep infrared physics 
of U{N) gauge theory with R-charge A^' is equivalent to the deep infrared of U {N') gauge 
theory with R-charge N as suggested in 



So far, we have focused on the invariance of the metric, but it is easy to check the same is 
true for the five-form flux, in which we are exchanging dB^ with -kdB^, due to the exchange 
between the two three-spheres. We note also that under these definitions, the parameters 
in the leading terms of the gravitational entropy (12.151) and field theoretic entropy (13.431) 
become primed. 

The above infrared duality is not unique. Indeed, we can also exchange the rank of the 
gauge group with the number of giants A^' (exchanging both factors) by rescaling the 
string coupling, while keeping the AdS scale fixed 



L' = L, q' = — ^ g'^ = g,q ^ G[, = Giof, (4.38) 
Q 

where we assumed the string scale ig is kept fixed. The rescaling of the ten-dimensional 
Newton constant means that the ten-dimensional metric scales like 

ds'{q\ /x') = [ds'iq, fi),S'^ S') , (4.39) 
which is indeed the case when accompanied by the changes 



z' = z^, fi' = ^fi. (4.40) 

It is reassuring that the five-form flux behaves as in the previous duality, but with a scaling 
of q, i.e., {dBi + *(ii?4)' = q [dB^^ + -kdBi), which is in agreement with the scaling of the 
Newton constant. Thus, this second transformation is also a symmetry of the infrared 
physics, and it is still weakly coupled, since the number of giants is bounded from above by 
N. 

The rescaled metric extends to infinity to give an asymptotically AdSs metric with the 
same AdS scale, but a U{N') dual gauge group and a rescaled coupling. This is precisely 
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the duality between the infrared of U{N) gauge theory with R-charge N' and U{N') gauge 
theory with R-charge N that was suggested in [Tl]@ 

The reason that we apparently have more than one infrared duality is identical to the 
reason that we had several decoupling limits: in the original metric (12. ip we can rescale 
t ^ Lt, Qi ^ Qi, r ^ Lf, and fi ^ fi. The resulting metric is then independent of L, 
except for an overall factor of in front of the metric. Clearly, we can rescale L any way 
we want, while keeping the hatted variables fixed, and the metric will still be a solution of 
the equations of motion. It is easy to see that both the decoupling limits as well as the two 
infrared dualities presented above are related to each other by such a rescaling of L. 



Scaling to 9i = 0,7r/2: The scaling limit described above produced the geometry dual 
to the decoupled theory on branes at any finite angle < < 7r/2. Maximal and minimal 
sized giant gravitons, i.e., 6i = 7i/2, and 9i = 0, respectively, require a different analysis. 

Let us consider the maximal sized giant graviton at 6i = tt/2. We do obtain an homoge- 
neous scaling of the metric (e^) in the limit 



01 



9 



TT 



] dx fixed , 



(4.41) 



with all other scalings as in (14.251) : 

ds'^ = z [-f dt^ + q ds% + ds\.,] + 



^dz'^ + L'^de^ + L'^e^dx^ 
f 



(4.42) 



with / as in (14.171) . This geometry is dual to the low energy theory on the maximal giant 
graviton. Likewise, for the vanishing size "giant," we can consider the limit 



e'^ 9; dx^ e'^dx, 
with all other scalings as above. This gives the decoupled metric 



(4.43) 



ds'^ 



t2 n2 



-/ dt + qdsffi + 



Q2 + ^2 53 



+ 



dx' 



(4.44) 

with / as in (I4.17p . However, because the giant gravitons at ^ are too small to be 
D-branes (they are understood as regular gravitons), it is unclear what dual field theory 
would describe this geometry. 



4.2 Two R-charges 

The two-charge superstar contains two species of giant gravitons that are rotating in different 
directions on the 5*^. It was originally proposed by Gubser and Heckman [15] that strings 

This is related to a Z2 symmetry that relates U{N) Chern- Simons theories at level N' to U{N') 
Chern-Simons theories at level N [32l [33] . 



25 



living on the intersection of the two species of giant gravitons could account for the entropy 
of the two-charge superstar. We will provide further substance for this idea (and discuss 
various subtleties) by displaying a decoupling limit in which a metric with a warped AdSs 
metric appears. Unlike the single-charge case, we have not developed a systematic argument 
showing that it is precisely the open strings on the giant graviton intersections that are 
kept light in our decoupling limit. Nevertheless, the form of the decoupled metric, and its 
dependence on the number of giant graviton intersections, will provide evidence that this is 
indeed the case. 



In the two-charge case we take gi = in ( 12. ip so that the D-branes are rotating in the 
5)2 and 03 directions and have sizes [2] 



P2 = L\ 1- fl^ 



P3 = 



where as before 



fj,i = cos 9i; = sin 9i cos 6*2 ; /^s = sin 9i sin 02 ■ 



(4.45) 



(4.46) 



They mutually intersect on the 0i circle with a size L cos^i. The dependence of the two- 
charge entropy f l2.22p on the product of charges suggests that the near-extremal entropy is 
dominated by strings running between the two species of branes and thus localized on the 
brane intersections. 



As before we will take 
with 



fixed 



1 



(4.47) 



(4.48) 



Since we are interested in two species of giant gravitons, both of which are moving on the 
5*^ at the speed of light, to keep the masses of stretched strings fixed we will need to focus 
in on both d6i and d62 as well as on the null directions 



dX2 = '^02 — di ; dxs = ^03 — di . 
The scalings of r and t are the same as in the one-charge case. Thus we take 

dX2 tdx2] dx3 ^ edxs; 

t = Lt = fixed ; 



e r ; 



Here < 6^ < 7i/2 are fixed values of 6i and 

'dfii 



dni 



dOi + 



dOo. 



(4.49) 



(4.50) 
(4.51) 
(4.52) 
(4.53) 



(4.54) 
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The scaling of qi is fixed by its proportionality to and the scaling of the non-extremality 
parameter is fixed as in the single-charge case. With these scalings, the leading terms 
terms in the metric scale as and give 



f 



+ 



+ 



with 



/ 



1 _ ii + ^2^3 



.4=2,3 



Likewise the leading terms in the flux are 

3 



Bi = -L"^ fij {d(f)i - di) A d^n 



(4.55) 



(4.56) 



(4.57) 



i=2 



giving rise to a five- form flux which scales as e : 
-| = 2 V gi /x° ci/ii A {d(j)i - dt) A d^Q - 2 V (g^/x" di A dr A 

1=2 ^^^•^ i=2,3 



H A dlii A dxi) ■ (4.58) 



Taken together, fl4.55p and fl4.57p give a solution to Einstein's equations which should be 
dual to the theory of open strings localized on the intersection of the giant gravitons at the 
angular location 6^, 62- One also sees this by analogy with the D1-D5 system where the 5-5 
strings and the 1-1 strings become non-dynamical while the 1-5 strings, which live on the 
intersection circle, continue to fluctuate. In that case, the circle associated to the 1-5 strings 
shrinks as r — > in the near-horizon limit, just as the 0i circle shrinks here. 



Scaling to = 0: Above we took a scaling limit that focused in to a generic location on 
S^. At the special angle 61 = 0, the giant gravitons are stationary and of maximal size [2]. 
Because of this, the appropriate scaling limit is 



61 ^ e6i; 62, dx2, dXz = fixed . 



(4.59) 



with all other variables scaling as above. The leading terms in the metric again scale as 
and decoupled metric is 



ds^ 



fdt^ + ^'dr^ 



f 



Vq2q3ds 
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+ 



[q2idfil + Oj cos' 62 dxl) + (d/^l + ej sin' 62 dxD] ■ (4.60) 



27 



Interpretation of the decoupled solution: 

we define 

In terms of these variables we can write 

Ms; 

in terms of which fl4.55p becomes 



To interpret the decoupled metric (14.551) 

(4.61) 



/ = - 



t = t- 



L 

£ 



q2q3 



(4.62) 



f 



+ f ds 
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i=2,3 



In the extremal limit 



fi = 



M. = -1 



(4.63) 



(4.64) 



and the terms in the first square brackets are precisely the metric of AdSa x where both 
factors have a scale i. The second square brackets enclose a fiat metric — identifying the 
and the fii (or 6i) periodically gives a T^. Thus we have found a new class of AdSa x S"^ xT^ 
solutions in type IIB string theory that are supported entirely by five-form fiux. If we instead 
wrote the solution in terms of the scale 



(4.65) 



and treated sin^° and cos 6'° as functions of 6i rather than fixed numbers, these solutions 
resemble the 1/8-supersymmetric warped AdSa metrics in type IIB supergravity that were 
studied in [SH [35]. In the range 



< /i < 



qm 

L2 



-1 < M, < 



(4.66) 



the metric (14.631) precisely describes a conical defect in the AdSs factor. This explains 
the curious fact that for the two-charge superstar geometry in five dimensions the horizon 
vanishes for < /x < /ic giving a geometry with a naked singularity. We now see that 
in the decoupled geometry there is a conical defect, suggesting that these geometries are 
all resolved in string theory and are replaced by analogues of the family of non-singular, 
horizon-free solutions in AdSa described in [36l |37l EH [39] . Finally, when 



M, > 



(4.67) 



the AdSs factor in (I4.63P contains a J = BTZ black hole with a horizon radius and entropy 



S 



BTZ 



4G, 



4G, 



2G, 



(4.68) 



Interestingly, two T-dualities on the factor of the metric converts the Ramond-Ramond 
four-form potential into a two-form potential. Thus, this T-dual framework will involve the 
near-horizon limit of a D1-D5 system and the framework of [361 133) [Ml [39] can be applied 
directly. 
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Black hole entropy: The decoupled geometry (I4.63P will have a dual description in a 
(l + l)-dimensional CFT which is associated to the theory on the intersection of the D-branes 
in the original superstar solution. Following [40], we can relate the left- and right-moving 
Hamiltonians (Lq, Lq) and the central charge of the CFT to the geometries f l4.63p as 

where G3 is the effective three-dimensional Newton constant after compactifying on x 
T^. The entropy is then exactly reproduced by the Cardy formula applied to the (1 + 1)- 
dimensional CFT: 



ScFT = 2ny/cLo/6 + 27^^0^0/6 = Sbtz • (4.70) 

To relate this microscopic derivation of the black hole entropy in the decoupled theory to 
the original superstar we must first relate G3 to Gio = 8n^{ggi^): 



1 Vv 



G3 Gio 




(4.71) 



where V7 is volume of the seven dimensions transverse to the AdSa and (iV4 is the product 
of the periodicities of the variables Xi l^i- The central charge of the dual CFT is then 

' dV, = {N, /iO d^i2) {N, fil dfi,) (-] dx2 dx3 , (4.72) 



where Ni = qiN/L? is the total number of giants of species i. Now given fl4.2p for the distri- 
bution of giant gravitons in the superstar solution and (14. ip relating the size and position of 
the D-branes, it is easy to show that in our scaling limit 

dN, = 2{Nqi/L^) dfx, = 2iV, /i^ d/i, (4.73) 

is the number of branes of species i at the location O^, 6*° on the S^. Thus the central charge 
is proportional to the product of the number of intersecting D-branes at the location on 
which we are focusing 

6 



c = dN2 dNs J dx2 dx3 , (4.74) 

exactly as we should expect if the strings stretched between the intersecting branes are 
dominating the entropy. The natural periodicity of Xi is 27r giving a central charge 

c = 6dN2dN3. (4.75) 

This is precisely the central charge of a supersymmetric non-linear sigma model on the target 
space 

(Ty'^^'NyS.^.dN, (4.76) 

suggesting that, locally, there are four bosons plus four fermions associated to the (1 + 1)- 
dimensional effective theory at the intersection of a pair of giant gravitons and that these 
describe fluctuations of the effective string into the factor of the geometry. 
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Nevertheless, once we glue the CFTs associated to all values of 6^ together, the naive 
result for the total central charge becomes 



c = 6 y dN^dN^ = 6N2N3 j d(/i2)'rf(/i3)' = SN2N3 , (4.77) 

because fi2^ fil have to obey /i^ + /^i < 1- This value of the central charge has an appealing 
interpretation in terms of giant gravitons, as it is the central charge of a supersymmetric non- 
linear sigma model whose target space has complex dimension N2N3, exactly as expected 
for the CFT living on the intersection of the giant gravitons. The latter will probe the 
moduli space of 1/4-BPS giants, which according to ^41j can be described by intersections 
of a holomorphic polynomial P{z2, z^) of degree N2 in Z2 and degree in z^ with the unit 
five-sphere in C^. The complex dimension of the moduli space of such polynomials equals 
N2N3 (up to corrections), in perfect agreement with the result (14.771) for the total central 
charge. 

Turning back to the entropy, we would like to relate the entropy of the decoupled three- 
dimensional geometries to the entropy of the two-charge superstar in the near-extremal limit 

/^-/ic < g2,g3 < (4.78) 

This condition can be interpreted as stating that the number of giants (and the amount of 
non-extremality) should be much less than the number N of D3-branes that gave rise to the 
original AdSs geometry. In this limit the five- dimensional entropy can be written as 




5'two-charge = V M3 (4.79) 



where M3 is as above. Now recall that the the effective BTZ geometry that we have found 
arises as a focusing limit onto a particular value of 61, 62 and that the entropy on this strip of 
the horizon is accounted for by a CFT with the central charge (14.721) . The entropy associated 
with each such strip is 

2 A^2£4 

dSBTZ = 77— V M3 dx2 dxs dfi2 dfia . (4.80) 

Using the change of variables fl4.54p it is easy to verify that 

dfiidfi2 = cos 6^ sin 6^ d6id62 . (4-81) 

Recognizing dSsTZ as the entropy associated to a strip of the geometry at a given 6*1, 62 we 
would like to integrate (14.801) over Xi and Oi which have ranges < < 27r and < < 
Putting these ranges in gives 

S = dSsTZ = 'S'two-charge 5 (4.82) 



To verify these ranges, set all the charges and the non-extremality parameter to zero in which case the 
second line in the metric (|2.ip should parameterize an . 
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precisely reproducing the entropy of the five- dimensional near-extremal black hole. 

As in the single-charge case, the precise interpretation of this match is not clear, but it 
suggests that the near-horizon geometry of the two-charge superstar is dual to a product of 
CFTs, with central charges given by (14.751) . This product CFT would be regarded as the 
"Coulomb branch" of a CFT with a total central charge given by fl4.77p . It would be nice 
to make this picture precise. 

Exact solutions with warped AdSa: The metric (14.551) has an AdSs factor and depends 
on the choice of angles 0^,62. It therefore does not cover all global features of the giant 
graviton system. It is an interesting question whether or not there are metrics that do 
contain such global information. For example, one could imagine replacing /i^ by /i, in 
(I4.55p . The resulting metric has a warped AdSs factor, and is reminiscent of the metrics in 
[Ml [35] , but it is not a solution of the supergravity equations of motion and is therefore also 
not the result of a suitable decoupling limit. Nevertheless, we find that in the case where the 
two-charges are equal, q2 = Qs, ^ small modification of (I4.55P with /i? replaced by /ij is an 
exact solution of type IIB supergravity. For the details we refer the reader to appendix O 
This warped AdSs metric possibly correctly captures the global features of the giant graviton 
system, but we leave a further study of its properties as well as possible extensions to q2 7^ ^3 
to future work. 

Adding a third R-charge perturbatively: It is worth noting that the third R-charge 
(gi) corresponds to the quantum number associated to rotations in the 0i direction as pointed 
out in [15] . Hence, we might have expected to find a rotating BTZ metric rather than (14.631) 
in the three-charge case, at least in a perturbative expansion in qi. However, we have been 
unable to find a decoupling limit in which a such a rotating BTZ black hole appears. 

4.3 Three R-charges 

The three-charge AdS black hole contains three species of giant gravitons rotating in dif- 
ferent directions of the 5*^. They mutually intersect on a point, and the number of such 
intersections is proportional to Ni N2 N3, which also controls the entropy. This suggests 
that the near-extremal entropy should be accounted for by the degrees of freedom living at 
such an intersection, and as such, it should be described by some (super) conformal quantum 
mechanics. 

As before we will take 

4^e4, (4.83) 

but this time it is not possible to keep L fixed while having a homogeneous scaling of the full 
ten-dimensional metric. The decoupled metric is achieved by rescaling t = Lt and taking 

L^- =^ N ^\n, Qs fixed . (4.84) 
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We will require that qi and r scale as in the two-charge case. Hence the number of giants 
for any species scales hke 

Ni^-N,, (4.85) 



e4 



by consistency with q^/ — Nj,/ N . 

Since these black holes have three species of giant gravitons, all rotating at the speed of 
hght, we will again need to focus on both the location on as well as on the null directions 

dxi ^d(f)i-di, 1,2,3. (4.86) 

The precise scahng that we take is: 

d/ii d^i , dxi dxi , (4.87) 

r ^ , fixed , (4.88) 

qi^ e^qi, jji- {ji- jic) ■ (4.89) 

Above, He = {qi q2 + qiqa + q2 qs) / Li^ and it scales like iic — A*c- An important difference 
with previous scalings is that it is the difference /i — /ic that scales like the energy density e^. 
It is this double scaling limit and the fact that (gi q2 gs) / {L'^ r^) remains fixed that allows 
us to retain the information about the horizon of the system in the decoupled metric. This 
has an overall leading scaling and is given by 



ds ^ ^ V 7 / dt + - — ^ ^ ar + ^5152^3 V 7 dsgs 



where 



i=l 



Interpretation of the decoupled metric: Since the metric is a direct product, let us 
focus on the two-dimensional metric in {t, r}. Rewrite the metric in terms of 

t^Li, r^^y, (4.92) 

and observe that it is conformally fiat 

ds^ = e^^ {-dt^ + dp^) , (4.93) 

with conformal factor 

e'' = {y' - (/i - /ic) y + gi q2 qs/L') , ^ = ^ e^^ (4.94) 

V^i ?2 qs ' dp ^J-i 

The curvature of this metric is controlled by the Laplacian of A(p): 

4 8 

-Ra/? = 9cxfi =^ -R = , (4.95) 

V 7 ?1 ?2 93 V 7 ?1 ?2 93 

and we see that the decoupled metric has a two-dimensional spacetime with negative cos- 

mological constant (AdS2), with AdS scale oc \/j qiq2 qs- 
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Black hole entropy: The near-extremal black hole entropy computed from the asymp- 
totically AdSs perspective equals (see (12.251) ) 

^near-extremal = VT ViV ^/nJ^3 • (4.96) 

Remarkably, in the near-extremal limit the leading term in the entropy is independent of /i. 
The structure of the entropy formula is reminiscent of the three-charge, finite area, extremal 
black holes in five dimensions originally studied in [12]. The entropy associated to the 
decoupled AdS2 metric is 

^strip = 7^^/N v/iViiVWVg (8 /i° 6fi2l^l (5/i3) , (4.97) 
whenever there exists a non-trivial horizon, which occurs when 

[fi -fic) > 4 — ^ . (4.98) 

Once again, we can interpret the entropy of the decoupled metric as an entropy density 
associated with the location where we focused in. Integrating this density with the induced 
metric discussed in the previous section reproduces the total entropy 



>S'near-extremal / 'S'strip • (4.99) 



Generalizations: Due to the existence of a consistent truncation of type IIB super- 
gravity on any five-dimensional Einstein-Sasaki manifold (X^) to minimal D = 5 gauged 
supergravity [13], we can extend the previous scaling to non-extremal R-charged black hole 
in AdS:^ x X^. Indeed, the metric for these black holes is given by 



ds"^ = ~ fdt^ + H [r^ dr^ + ds\^ + {dx + Af + ds\KEt) , (4.100) 

where 

H = 1 + ^, (4.101) 

/ = I + Ph'-^, (4.102) 

A = ^H-Ut. (4.103) 

The scaling in this case works essentially as above. The only subtlety lies on the focusing 
limit in the four- dimensional Kahler-Einstein manifold of positive curvature. The giant 
gravitons are wrapping homologically trivial three-cycles there, and their location will be 
described, at least locally, by an extra coordinate. Given the geometry of this base manifold, 
we could be more explicit, but we know the scaling has to satisfy 

ds\KE+) ds\M^) . (4.104) 

Comparing to the detailed scaling in the three-charge case, the most obvious guess for M4 
is that it will be a four-torus or a quotient thereof. One way to think of this is that M4 is 
obtained from KE^ by picking a point P G KE^, to introduce Riemann normal coordinates 
around P and to send ey\ The metric on KE^ is then reduced to ds'^ = gij{P)dy^dy^ , 
which is fiat, and the only information about KE^ that is retained is the precise range of 
values of the y\ 
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5 Discussion 



In this work we have studied the entropy of near-extremal R-charged AdSs black holes. 
Any attempt to count this entropy requires an identification of the microscopic degrees 
of freedom. As was emphasized in [2], these R-charged black holes can be thought of as 
being built out of distributions of giant gravitons. Since the latter are described in terms 
of spherical D3-branes, it is a natural idea that the microscopic degrees of freedom of non- 
extremal black holes are provided by the open strings stretched between the various giant 
gravitons [iSl El El [101 [IB [I2] ■ 

Evidence in favor of this identification was provided at different levels: 

(i.) Using !N = 4 super- Yang-Mills, near-extremal black holes can be described as a gas 
of defects on top of a BPS condensate. The counting of all such operators with the 
right quantum numbers is a combinatorial problem which we studied in this paper; the 
results match a detailed computation of the gauge theory partition function at zero 
coupling. Not surprisingly, we do not reproduce the detailed form of the entropy as 
obtained from the gravitational description, except for large non-extremality, a result 
that is well-known for neutral AdSs black holes. 

(ii.) The near-extremal gravitational entropy in the two- and three-charge systems is given 
by a function of the number of intersections between giant gravitons of different species. 
This is very analogous to four- dimensional and five- dimensional black hole entropy 
countings in asymptotically (locally) fiat spacetime, suggesting that there should be a 
microscopic interpretation in terms of the excitations of the open strings attached to 
these giants. 

There is clearly a lot of work and understanding to be achieved in the gauge theory. 
Any attempt to justify the gravitational entropy of these black holes will require a dynami- 
cal analysis in which coupling effects need to be understood. This includes developing new 
and expanding existing technology to compute the anomalous dimensions of heavy opera- 
tors (A ~ A^^), dealing with their mixing and potentially resumming infinite numbers of 
diagrams. This last condition has to do with the fact that for these operators, a priori, non- 
planar diagrams cannot be neglected, and one may suspect that the diagram resummation 
may give rise to a new expansion parameter in !N = 4 super- Yang-Mills, similarly to what 
happened in the BMN sector [H]. Even the computations presented here did not appropri- 
ately include the information about the total number of giants. In other words, there can be 
modifications to our zero coupling counting results from the analysis of ensembles in which 
the constraint on the number of giants (which is not a local conserved charge in the gauge 
theory) is properly considered. 

The strongest confirmation of the physical picture advocated here comes from a careful 
study of the spacetime geometry close to the giant gravitons responsible for the BPS conden- 
sate. These are distributed over the entire transverse five-sphere at locations parameterized 
by a two-sphere {6*1 , 62} and generically rotating at the speed of light in the remaining angu- 
lar directions. The decoupling limits {is 0) we found focused on the spacetime geometry 
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close to the vicinity of a point in the two-sphere (a set of giants), while keeping the energy 
density of the excitations carried by these giants (the amount of non-extremality) properly 
fixed. The latter is responsible for preserving the information about the existence of a hori- 
zon after taking the decoupling limit. The entropy associated to these horizons follows from 
the usual Bekenstein-Hawking relation, and when integrated over the full set of allowed 
locations (two-sphere), reproduces the original AdSs entropy in the near-extremal regime. 

In the one-charge case, the decoupled geometries showed qualitatively the right behavior 
that one would expect for the near-horizon geometry of a stack of giant gravitons. We also 
found that the decoupled geometry is invariant under an exchange of the original number of 
D3-branes and the number of giant gravitons, confirming a proposal in [H]. 

We should emphasize that we have not established the precise meaning of the families 
of CFTs that we found in the two-charge case. Each of the CFTs carries a fraction of the 
total number of degrees of freedom and has central charge Cstrip = 6 5N2 SN^, and adding all 
these contributions yields the right entropy. However, we do not know how to compute the 
correlation functions of operators that live in separate CFTs. It would be more appealing 
to have a single geometry describing all the degrees of freedom at once. We have not found 
such a single geometry but discussed an interesting attempt in appendix O 

In the two-charge system, the decoupled spacetimes describe a family of locally AdSa 
geometries. This family includes global AdSa when the original AdSs has vanishing fi, 
conical defects when /i < fic, the massless non-rotating BTZ black holes when /i = /ic, and 
massive non-rotating BTZ black holes when there is a non-vanishing horizon in AdSs. This 
provides a satisfactory two-dimensional CFT explanation of the rather puzzling behavior 
of the two-charge black hole as a function of fi. Recall that for < fic there is a naked 
singularity, and that only for /i > /i^ a horizon forms. In particular, the naked singularity 
is replaced in the decoupled geometry by a conical defect, suggesting that these geometries 
are all resolved in string theory. In the context of D1-D5 physics, the AdSa near- horizon 
geometry has been capped off by "microstate-like" solutions (see e.g., |151I1B]). It would be 
interesting to know whether similar constructions exist in this case. Locally they do, but 
what would really be interesting is to find the global resolution in terms of the complete 
distribution of giants in the original AdSs. 

In the three-charge system, we obtain AdS2 geometries, and so we suspect the dual 
description should be based on (super) conformal quantum mechanics, up to the usual prob- 
lems associated to AdS2/CFTi dualities. The existence of these AdS2 geometries can be 
generalized to non-extremal R-charged black holes in AdSs x X^, for any five-dimensional 
Einstein-Sasaki manifold X^. We do emphasize, however, that the entropy of these black 
holes is controlled by the square root of the number of pointlike giant intersections. This 
could be interpreted as the number of Ramond-Ramond ground states of a string with 
central charge c = Ni N2 N^. 
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A Half-BPS partition function rederivation 

In this appendix we review how one explicitly derives the exact half-BPS partition function 
starting from the exact expression fl3.15p : 

[dU] exp \ — , g™, qf) + (-l)"+i2i.(a;™, g^", g™, g^))tr(?7'")tr(f/^)' 

tm=l ^ 

(A.l) 

Note that ii{U)ii{U'^) is the character of U , a unitary N x N matrix, in the adjoint rep- 
resentation. Expanding the exponent yields a product of characters, and doing the group 
integral picks up the number of singlets, as required for physical operators. 

The sum in the exponent arises because if we use more then one of the same building 
block in making an operator, we should (anti)symmetrize it appropriately, in order to count 
properly. One can check that this is precisely what the sum with signs in the exponent 
accomplishes. Alternatively, one can check that this type of alternating sum is exactly what 
reproduces the Polya formula for the counting of the number of necklaces with given numbers 
and types of beads. 

As an example, we pick out the terms which are half-BPS with respect to a given U{1), 
e.g., the one whose charge is measured by gi. In other words, we only want the terms that 
contain an equal power of x and gi. Staring at zb and zp we see that the only term with 
this property is the term xqi in zb- Thus, the number of half-BPS states is counted by 

Z= f [dU] exp J — a;'"grtr(?7'")tr(f/t)™ I . (A.2) 

I m=l ^ J 



This integral should be the same as the exact half-BPS partition function 

N 

(A-3) 



^ 1 

k=i ^ ^ ^1 

which one easily extracts from the free fermion representation. Here we will show how one 
extracts this result from flA.2l) . using a few convenient equations collected from |37|. First, 
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we define 

A{e"^) = Ylie'''" - e'^"^) (A.4) 

k>Tn 

SO that the integral over the unitary group, after passing to the eigenvalues, becomes 

The character of a representation R with highest weight components m^, i = 1, . . . , is 

) = A(e'^) ' ^ 

where the integers Ik obey 

h > h > h > . . . > In (A.7) 
and are related to the highest weight component through 

lj^ = mk + N - k. (A. 8) 

Of course the character (1A.6P is nothing but the Schur polynomial in the variables Xk = e*^*" 
for the partition {rrik} of non-decreasing integers. The Cauchy identity states that 

N 

k,i=i ^^yj R 

where the sum is over all representations R for which the highest weights are non-negative, 
or in other words 

mi > m2 . . . > rriN > , /i > /2 > ^3 > • • • > ^Af > . (A.IO) 

With all this material, we return to flA.2l) . Summing the exponent it can be rewritten as 

Z = j [dt/]detadj((l - xqiU)-^) (A.ll) 

where the determinant is in the adjoint representation. Next we pass to eigenvalues to write 
this as 

Z = I [dU] - xqie'^'^-'^^)-^ . (A. 12) 

We can apply the Cauchy theorem (]A.9|) to this to recast it as 

Z= f [dU]J2xR{xqie'')xR{e'y . (A. 13) 

R 

Now notice that 

XRiXx) = X^'^^XRix) (A.14) 
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if R has highest weights {rrik}. Also, since characters are normahzed with respect to the 
group measure, the integral of XrX*r is one for all R. Therefore 



N 



1 



z 



E Ni)^'"' = n 



1 — x'^Qi ' 



(A.15) 



mi>m2...>m]v>0 fc=l 



which reproduces the correct answer. 

This also provides a clue to to insert the giant graviton number into the game. In applying 
the Cauchy identity, we need to restrict the sum over representations to highest weights with 
a fixed mi. It is not yet clear how to put this constraint directly into the full generating 
function ([O]) . 

A.l The half-BPS partition function approximation 

As mentioned above, the giant graviton constraint is not easy to implement in the exact 
partition function computation. This is relevant because the non-extremal black hole has 
the same number of giants as the extremal one. This means that any estimation of the 
partition function using some approximation may not take this into account. It is natural 
to compute the entropy in the extremal single R-charge case and compare it to the one we 
computed in p3]. 

It is easy to derive the result: 



Thus, our method of extracting the dominant contribution to the partition function without 
the giant graviton constraint is able to capture the scaling with A^, not surprisingly, since this 
was already the case for the hyperstar [3j, but clearly misses all the functional dependence 
on the quotient qi/L"^ = Ni/N. 

B Open string analysis 

A completely different approach to counting states is to work directly in terms of open strings 
stretched between giant gravitons. It would be interesting to explore this further but here 
we will just follow a totally naive approach: imagine A^ branes and assume that there are riij 
oriented open strings starting at brane i and ending at brane j. To have a gauge invariant 
state, we need an equal number of open strings starting and ending on each brane. That 
means that we have to impose the condition 



for each i. To impose this condition, we use a Lagrange multiplier 6i. Since the condition is 
for integers, the Lagrange multiplier is an angular variable. The total number of open string 




(A.16) 





3 



3 
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configurations, weighted with g^^.j , becomes 
This is equal to 

We can now do the sum over all integers riij and obtain 

This is almost the same as we get for the exact counting of half-BPS states (see flA.12p ). 
The only difference is that the measure is different (see (lA.SP ). This is probably due to the 
fact that we have not imposed the permutation symmetry between the branes. We have not 
checked this explicitly, but one would expect that imposing invariance under permutations 
of the branes will precisely yield the measure of U{N) — it is hard to see how anything else 
could come out. The above result is then the counting of the number of branes for separated, 
distinguishable branes. It would be interesting to see if this can be used for a counting of the 
number of states of R-charged black holes, and also to generalize it to open strings stretched 
between (dual) giants. 



C A new solution of type IIB supergravity 

As explained at the end of section (14.21) . it would be interesting to find a metric containing 
global information about the distribution of giant gravitons in the original AdS^ geometry. 
The most naive metric candidate is (14.551) with /i° replaced by /Xj. Such a replacement is 
achieved if one does not focus on a given S'^ point i.e., if one does not scale the 9i in 

(I4.50p - (l4.53p . If we also drop the rescalings of X2,3, we find that the metric schematically 
scales as 

ds^ = cos9i{e\dsl + ...) + {dsl + ...)), (C.l) 

where ds^ stands for the AdS^ and factors, whereas dsl describes the remaining four 
dimensions in the original not belonging to the circle where the two distributions of giants 
intersect. This metric does not scale homogeneously, and so one can not use analyticity to 
argue that it solves the type IIB equations of motion. We have indeed checked that it does 
not, when including the corresponding RR 5-form fluxes. 
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A new solution of type IIB supergravity: We report here on a new solution to type 
IIB equations of motion. This is obtained by setting e to one in the above metric 



ds^ = /ii 



/ dt' + dr' + 4^ d<Pl + ^,ds% 



^2 f 



+ 



^ qi{dfi^i + if^ifdxf, 



i=2,3 



with 



y = 1 _ ii + g2 + 93 ^ 9293 



rescaling the five-form by a factor of 
and finally, setting 92 = 93- 



12 12^2 ■ 

^2 + 93 \ p(5) 

2L2 



(C.2) 



(C.3) 



(C.4) 



This solution describes a warped AdSa metric and does contain global information about 
the distribution of giant gravitons. We have not been able to match precisely our metric with 
the large class of 1 /8-supersymmetric warped AdSa metrics in type IIB supergravity studied 
in [311 ES] or to the 1/4-BPS solutions described in [48|. While we do not understand the 
origin of this solution, the fact that it involves a small modification of the original metric for 
92,3 ^ L"^, which was the same regime in which the entropies agreed, suggests that perhaps 
there is some systematic way to generate such exact solutions as an expansion in ||, ||. 

Schematically, the exact solution looks like 



+ 



{dp^ + p^ds^gi ) 



(C.5) 



and one can check that such solutions only exist if the curvature radii of AdSa and the 
are different. This metric is reminiscent of that of a brane wrapping AdSa x 5*^, albeit with 
the usual harmonic functions replaced by 1 — p^, with p the radial coordinate on M^. We 
leave a further exploration of these types of metrics to future work. 
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